Abstract. Swan (Pacific J. Math. 12(3) (1962), 1099-1106) characterized the parity of the number of irreducible factors of trinomials over F 2 . Many researchers have recently obtained Swan-like results on determining the reducibility of polynomials over finite fields. In this paper, we determine the parity of the number of irreducible factors for so-called Type I pentanomial f (x) = x m + x n+1 + x n + x + 1 over F 2 with even n. Our result is based on the Stickelberger-Swan theorem and Newton's formula which is very useful for the computation of the discriminant of a polynomial.
Introduction
Irreducible polynomials over a finite field F 2 with a small number of nonzero terms are important in many applications such as coding theory and cryptography because such polynomials provide with an efficient implementation of field arithmetic in the field extension F 2 m . But an irreducible trinomial over F 2 for every given degree does not always exist and a conjecture whether there exists an irreducible pentanomial of degree m over F 2 for each m ≥ 4 still remains open.
On the other hand, characterization of the parity of the number of irreducible factors is meaningful for determining the reducibility of a given polynomial. Since a polynomial is reducible if it has an even number of irreducible factors, study on the parity of this number can give a necessary (but not sufficient) condition for irreducibility. Using a classical result of Stickelberger [11] , Swan [12] determined the parity of the number of irreducible factors of trinomials over F 2 . Swan's theorem relates the discriminant of a polynomial with its number of irreducible factors.
Many Swan-like results have recently been obtained for several types of polynomials over finite fields. Vishne [13] extended the Swan's theorem to trinomials over an extension of F 2 . Hales and Newhart [4] gave a Swan-like result for binary tetranomials and Bluher [3] presented a similar result for binary polynomials of the form x n + i∈S x i +1, where S ⊂ {i : i odd, 0 < i < n/3} {i : i ≡ n (mod 4), 0 < i < n}. Ahmadi and Menezes [1] obtained a Swan-like result for binary maximum weight polynomials. Zhao and Cao [15] considered the reducibility of binary affine polynomials. Some Swan-like results related to the reducibility of polynomials over finite fields of odd characteristic have been obtained, see [2, 5, 6, 9, 14] .
Types I and II pentanomials over F 2 were firstly introduced in [10] as follows.
Type I :
Type II :
The authors proposed parallel multiplier architectures based on these special irreducible pentanomials and gave rigorous analyses of their space and time complexity. Though these two types of irreducible pentanomials are abundant, they do not exist for each given degree. Koepf and Kim [7] determined the parity of the number of irreducible factors for Type II pentanomials over F 2 with even degrees. In this work we consider the same problem for Type I pentanomials over F 2 with even n using the Stickelberger-Swan theorem and Newton's formula. In Sect. 2 we present some preliminary results related to the parity of the number of irreducible factors of polynomials over finite fields. In Sect. 3 we determine the parity of the number of irreducible factors of Type I polynomials over F 2 with even n and In Sect. 4 we conclude.
Preliminaries
Let K be a field and let f (x) = a m−1
It is obvious from the definition of D(f ) that f (x) has a repeated root if and only if D(f ) = 0. Although the discriminant is defined in terms of elements of an extension of K, it is actually an element of K itself.
The following theorem, called the Stickelberger-Swan theorem, relates the parity of the number of irreducible factors of a polynomial with its discriminant. 
There is an important relation between the discriminant and the resultant given by
where f ′ (x) denotes the derivative of f (x) with respect to x. This implies the following lemma. 
It is well known that the coefficients a k of f (x) are the elementary symmetric polynomials of x i :
We denote S (1,p) = S [1,p] simply as S p and put
Then the following lemma holds true.
Newton's formula relates the coefficients a k with the power sums S k . 
where n = min{p, m}.
3. The reducibility of Type I pentanomials over F 2
In this section, we will determine the parity of the number of irreducible factors for the polynomial
where n is even and 2 ≤ n ≤ ⌊m/2⌋ − 1. First we test if these polynomials have repeated roots.
since n is even. Therefore,
and f (x) has no repeated roots.
be the monic lift of f (x) to the integers. By Lemma 2.1, its discriminant is
where r i 's are the roots of F (x) in some extension of the rational numbers. To determine the parity of the number of irreducible factors of f (x) by using Theorem 2.1, we need to compute D(F ) modulo 8 which depends on the parity of the coefficients m, n, n + 1, 1. It is not so desirable to compute D(F ) directly because at least two of these coefficients are odd. Let h(x) be an arbitrary polynomial over F 2 . Then it is clear that h * (x), the reciprocal polynomial of h(x) has the same degree as h(x) and the same number of irreducible factors as h(x) since the reciprocal polynomial of an irreducible polynomial is also irreducible. Let p(x) be an irreducible polynomial of odd degree over F 2 which divides neither h(x) nor h * (x). If we multiply h(x) by p(x), then both the parity of the number of irreducible factors and the parity of the degree change. The same holds true for h * (x)p(x). Using this fact, plus StickelbergerSwan theorem, we immediately get the following lemma.
Lemma 3.2. Let h(x) be a polynomial over F 2 which has not repeated roots and p(x) be an irreducible polynomial of odd degree over
x). Then the discriminants modulo 8 of monic lifts of the polynomials
3.1. The case of odd degree. Let the degree m of f (x) in (1) be odd and assume n ≥ 4. The case of n = 2 will be considered later. The monic lift of the polynomial (x + 1)f * (x) to the integers is
If x i 's are the roots of K(x) in some extension of the rational numbers, then We adopt the symbols S k and S p,q in Sect. 2. Note that the number of roots is m + 1 in this case. Applying Lemma 2.2, we have 
All coefficients of the polynomial K(x) are zero except a 0 = a 2 = a n = a n+2 = a m = a m+1 = 1, where a k is the coefficient of the term with degree m − k + 1. In order to compute each term of (3), we apply Theorem 2.2 to get
From (4), we see that S m = −m and S k = 0 for all odd number k < m, which is followed by S m−2 = S m−n = S m−n−2 = 0. If we observe S k modulo 4 for even number k, then
which shows that S 2m is odd and S k is even for each even number k < 2m. Therefore, (3) can be simplified as follows: (m−n−1) 2 S 2m−2n−4 modulo 8. Since S k ≡ 2 (mod 4) for each even number k(0 < k < m), we get S m+k + S m+k−2 ≡ S m+k−n + S m+k−n−2 + 2 (mod 4) for each odd number k(1 < k < m). Thus
In similar way, we can easily check that
Therefore S 2m−4 + S 2m−2n−4 ≡ 0 (mod 4) and (m − n + 1) 2 S 2m−2n in (5) modulo 8. We have
and
Thus we have
which is followed by D(K) ≡ 1 + m(m + 1) − 2m 2 (mod 8).
CASE 3: n ≡ 2 (mod 4) and m + 1 ≡ 0 (mod 4)
Assume that k is an even number with k < m. Then we see easily
From (4), we have
Adding all these equations we get
and thus
for each even number k with m + 1 < k < 2m. Therefore
which depends on the residue 2m mod n. Now one can easily check that if n = 6, then
and if n = 6, then
Thus the discriminant
can be computed. In similar way to above case, we see that if n = 6, then
And the discriminant is
Summarizing the above argument, we obtain the following theorem. 
Let x i 's be the roots of L(x) in some extension of the rational numbers and S k 's be defined similarly as in Sect. 2. Then we have the following. Meanwhile, for each even number k with 1 ≤ k < 2m, T k is also even.
R(L, L
In this case, we see easily that T 2m−2n−2 ≡ T 2m−2 (mod 4). So T 2m−2n−2 + T 2m−2 ≡ 0 (mod 4) since T 2m−2n−2 and T 2m−2 are all even. Therefore, we have D(L) ≡ (−1) m(m+1)/2 (m + 1)(1 + m 2 ) (mod 8).
It is not difficult to check in similar way that if n = 6, then
can be computed. Summarizing the above consideration implies the following theorem. 
By (7), (8) and Lemma 3.2, we have the following theorem. 
Conclusion
We have completely determined the parity of the number of irreducible factors for Type I pentanomials (1) when n is even. Our discussion is based on the Stickelberger-Swan theorem and somewhat complicated computation. In [7] , Type II pentanomials of even degrees were studied. The results for Type II pentanomials of odd degrees with n > 2 and Type I pentanomials with odd n still remain open.
